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Abstract. In this paper we investigate the efficiency of quantum cloning of N
identical mixed qubits. We employ a recently introduced measure of distinguishability
of quantum states called quantum Chernoff bound. We evaluate the quantum Chernoff
bound between the output clones generated by the cloning machine and the initial
mixed qubit state. Our analysis is illustrated by performing numerical calculation of
the quantum Chernoff bound for different scenarios that involves the number of initial
qubits N and the number of output imperfect copies M .
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1. Introduction
The no-cloning theorem describes a protocol that proves one of the major differences
between the classical information theory and the quantum information processing, where
the use of quantum states and quantum operations are allowed. This theorem was given
by Wootters and Z˙urek, who have shown that no linear operator exist that can generate
two perfect copies of an unknown quantum state [1].
Because the perfect cloning cannot be realized, there are many proposals of
quantum cloning machines that produce imperfect copies. Such a machine is denoted
by N → M , which means that there are N identical copies of the initial state and
M imperfect clones that are generated (with M ≥ N). Firstly, the analysis was focus
on machines that are applied on pure states: 1 → 2 cloning of qubits [2], 1 → 2
cloning of d-dimensional systems [3], N → M cloning machine of qubits [4, 5] and
qudits [6, 7, 8]. A further investigation was done for asymmetric cloning, this being
a machine that generates two different clones whose Bloch vectors are parallel to the
Bloch vector of the initial state to be cloned. Optimal universal asymmetric cloning
machines were proposed by Cerf for qubits [9], as well as for d-dimensional systems [10].
Both symmetric and asymmetric cloning machine of pure states are of great importance
in a process called quantum telecloning that enables the transmission of the imperfect
clones at a distance [11]. This protocol was extended to the symmetric case for d-level
systems and asymmetric telecloning of qubits [12, 13], as well as asymmetric telecloning
of qudits [14]. A different generalization of telecloning consists of using a non-maximally
entangled channel as a resource [15, 16, 17].
Secondly, the optimal universal symmetric cloning of mixed states was investigated:
2→M cloning [18] and N →M cloning [19]. In this paper we analyze the quality of the
imperfect clones generated by cloning machines applied on mixed qubits. Our proposal
is based on a recently introduced measure of distinguishability of quantum states called
quantum Chernoff bound.
In 1952, Chernoff has proved a bound on the minimal error probability of
discriminating two probability distributions in the asymptotic case [20]. One of the
properties of the classical Chernoff bound is that it is a natural distance between
probability distributions. This bound has found many applications in statistical decision
theory. After more than fifty years, the generalization to the quantum regime was proved
by two groups of researchers: Nussbaum and Szko la, and Audenaert et al. [21, 22]. In
the case of quantum systems we start with k identical copies of a quantum system,
which is prepared in the same unknown state described by the density operators ρ or ζ.
Further one has to determine the minimal probability of error by testing the copies in
order to discover the identity of the state. The quantum Chernoff bound was employed
in different branches of physics: quantum information theory, quantum optics, statistical
physics, just to enumerate a few. It was used as a measure of distinguishability between
mixed qubit states and between single-mode Gaussian states of the radiation field [23].
The quantum degree of polarization of a two-mode state of the quantum radiation filed
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was given in terms of the quantum Chernoff bound [24, 25]. Discrimination between
two ground states or two thermal states of the one-dimensional quantum Ising model
was recently addressed with the help of the quantum Chernoff bound by Invernizzi and
Paris [26].
The paper is organized as follows. We start by reviewing the N → M cloning
machine applied on mixed qubits in Sec. 2. Further in Sec. 3 we present the quantum
Chernoff bound for mixed qubits. We evaluate the quantum Chernoff bound between
the output clones generated by the cloning machine of Sec. 2 and the initial mixed qubit
to be cloned. Our conclusions are outlined in Sec. 4.
2. Cloning of mixed states
2.1. 2→M cloning of qubits
Suppose that we have two identical mixed qubits described by ρ⊗ ρ. Optimal universal
cloning of this system was investigated in Ref. [18]. If the output copies are independent
on the initial state, then the cloning machine is called universal. In other words, the
density operator of the clones must have the following expression
ρout = ηρ+
1− η
2
I, (1)
where η is the shrinking factor which is independent of the input state ρ, and I is the
identity operator. The cloning machine is optimal if the shrinking factor is maximal.
In Ref. [18], Fan et al. have shown that the imperfect clones of the 2→M optimal
universal cloning machine are characterized by the density operator ρout:
ρout =
M + 2
2M
ρ+
M − 2
4M
I, (2)
M being the number of the generated copies that satisfies M ≥ 2.
2.2. N →M optimal universal cloning of qubits
The more general scenario is the one that considers N identical mixed qubits ρ⊗N as
being the input state. The task is to generate M imperfect clones, M satisfying M ≥ N .
The proposal of N →M universal quantum broadcasting of mixed states was analyzed
in Ref. [19]. Dang et al. have used a special decomposition of the N identical mixed
states by taking into account both the symmetric and asymmetric states.
Let us consider the following notations for the states with (N −m) spins up and
m spins down [19]: |(N −m) ↑,m ↓〉α=0 := |(N −m) ↑,m ↓〉 for the symmetric state,
that is invariant under the permutation of the particles. Further we denote the state
|(N −m) ↑,m ↓〉α 6=0 to be an asymmetric one, since it contains different phases. The
general expression is given by:
|(N −m) ↑,m ↓〉α
:=
1√
CmN
CmN∑
j=1
e2piiα(j−1)/C
m
N Πj
(
|↑〉⊗N−m |↓〉⊗m
)
. (3)
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Πj is the j-th permutation operator, while the number of the permutation operators is
CmN .
As an example we take N = 3 and m = 1. According to Eq. (3), we obtain [19]:
|2 ↑, ↓〉0 := |2 ↑, ↓〉 =
1√
3
(|↑↑↓〉+ |↑↓↑〉+ |↓↑↑〉)
|2 ↑, ↓〉1 :=
1√
3
(|↑↑↓〉+ ω |↑↓↑〉+ ω2 |↓↑↑〉)
|2 ↑, ↓〉2 :=
1√
3
(|↑↑↓〉+ ω2 |↑↓↑〉+ ω |↓↑↑〉) , (4)
with ω = e2pii/3.
The spectral decomposition of an arbitrary mixed qubit state is given by
ρ = a |↑〉 〈↑|+ b |↓〉 〈↓| , (5)
where a+ b = 1.
By using the notations (3), Dang et al. have determined the general decomposition
of the state of N identical mixed qubits [19]
ρ⊗N =
N∑
m=0
aN−m bm
CmN−1∑
α=0
|(N −m) ↑,m ↓〉αα 〈(N −m) ↑,m ↓| . (6)
The N → M optimal universal cloning machine was found in Ref. [19] and is
defined by the unitary operator:
U |(N −m) ↑,m ↓〉α ⊗ |R 〉
=
M−N∑
k=0
βmk |(M −m− k) ↑, (m+ k) ↓〉α ⊗ |R|(M−N−k)↑,k↓〉α 〉. (7)
In Eq. (7), |R 〉 represents the input blank state of the ancilla, while |R|(M−N−k)↑,k↓〉α 〉
is the state of the ancilla after the unitary operator was applied. The coefficients βmk
are defined as
βmk :=
√
(M −N)! (N + 1)!
(M + 1)!
√
(M −m− k)!
(N −m)! (M −N − k)!
√
(m+ k)!
m!k!
. (8)
This cloning machine generates M clones described by the following density
operator [19]:
ρout =
N (M + 2)
M (N + 2)
ρ+
M −N
M (N + 2)
I. (9)
In the next section, we investigate the efficiency of this cloning machine by using the
quantum Chernoff bound. There are two different approaches: firstly N is kept constant
and we perform the analysis by varying M . Secondly, we take M to be constant and
evaluate what happens when N has different values.
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3. Quantum Chernoff bound as a measure of efficiency of cloning.
Numerical results
3.1. Quantum Chernoff bound for qubits
Quantum Chernoff bound is a recently introduced measure that enables the
discrimination of two quantum states, whose density operators are ρ and ζ. Suppose
that k identical copies of either ρ or ζ are given to an observer. The task of the
observer is to determine the minimal probability of error for identifying the quantum
state by performing quantum operations on the k copies [22]. In the particular case
of equiprobable states, the minimal error probability of discriminating them in a
measurement performed on k independent copies is [27, 28]
P
(k)
min(ρ, ζ) =
1
2
(
1− 1
2
||ρ⊗k − ζ⊗k||1
)
, (10)
where ||A||1 := Tr
√
A†A is the trace norm of a trace-class operator A. The right-hand
side of Eq. (10) is in general difficult to be evaluated. If the two states are both pure,
let us denote them by |Φ〉 and |Ψ〉, then the minimal probability (10) has an analytical
expression that involves only the transition probability between the two states [27]
P
(k)
min(|Φ〉〈Φ|, |Ψ〉〈Ψ|) =
1
2
(
1−
√
1− |〈Φ|Ψ 〉|2k
)
. (11)
For a large number of identical copies, in the asymptotic limit, an upper bound of
the minimal probability of error (10) was found to decrease exponentially with k [22]:
P
(k)
min(ρ, ζ) ∼ exp [−k ξQCB(ρ, ζ)] .
The positive quantity ξQCB(ρ, ζ) is called quantum Chernoff bound [21, 22] and is
defined as follows
ξQCB(ρ, ζ) := lim
k→∞
− lnP
(k)
min(ρ, ζ)
k
= − ln
[
min
s∈[0,1]
Tr
(
ρsζ1−s
)]
. (12)
The non-logarithmic variety of the quantum Chernoff bound is denoted in Ref. [22]
as
Q(ρ, ζ) := min
s∈[0,1]
Tr(ρsζ1−s). (13)
This function is symmetric, i.e. Q(ρ, ζ) = Q(ζ, ρ), and is called the quantum Chernoff
overlap of the states ρ and ζ [24].
A different measure of distinguishability of two quantum states is the fidelity, that
is defined as [29]
F (ρ, ζ) :=
[
Tr
(√√
ρ ζ
√
ρ
)]2
.
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There is an interesting connection between the quantum Chernoff bound, or more
specifically the non-logarithmic variety of Chernoff bound Q(ρ, ζ), and the fidelity,
namely the following two bounds are satisfied [23, 27]:
F (ρ, ζ) ≤ Q(ρ, ζ) ≤
√
F (ρ, ζ).
Suppose that the two quantum states represent qubit mixed states. In other words,
the two density operators are expressed in terms of the Bloch vectors ~r and ~p as
ρ =
1
2
(
I + ~r · ~σ
)
ζ =
1
2
(
I + ~p · ~σ
)
, (14)
~σ being the Pauli operators and r, p ∈ [0, 1]. The eigenvalues of the two density operators
are the following:
for ρ : λ =
1
2
(1 + r); λ˜ =
1
2
(1− r);
for ζ : µ =
1
2
(1 + p); µ˜ =
1
2
(1− p). (15)
Let us denote by Qs the following expression
Qs(ρ, ζ) := Tr(ρ
sζ1−s). (16)
The functions Qs are the quantum analogues of the classical Re´nyi overlaps discussed
in Ref. [30] as being distinguishability measures.
One can show that in the case of two qubits, one obtains [23]
Qs(ρ, ζ) =
(
λsµ1−s + λ˜sµ˜1−s
)
cos2
(θ
2
)
+
(
λsµ˜1−s + λ˜sµ1−s
)
sin2
(θ
2
)
, (17)
θ being the angle between the two Bloch vectors ~r and ~p. In Ref. [23] the authors
have analyzed the quantum Chernoff bound of qubits in the particular case r = p and
θ = pi/2 and shown that in this case mins∈[0,1]Qs is obtained for the same value of s
regardless of r, namely for s = 1/2.
3.2. Quantum Chernoff bound for the output states of the cloning machine. Numerical
results
Further we will investigate the quantum Chernoff bound for the imperfect clones
described in Section 2. Consider that the initial state to be cloned is a mixed qubit
state described by the density operator ρ = 1/2 (I + ~r · ~σ). Suppose that we have N
identical copies of this state. We apply the N →M optimal universal cloning machine
given by the unitary operator of Eq. (7) and obtain M (with M ≥ N) output states
described by the density operator ρout of Eq. (9). An equivalent expression of the output
state can be written in terms of the Bloch vector:
ρout =
1
2
[
I +
N (M + 2)
M (N + 2)
~r · ~σ
]
. (18)
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We denote ~p = N(M+2)
M(N+2)
~r.
Let us investigate the quality of the clone by evaluating how close is the output
state to the desired initial one. We propose to employ the quantum Chernoff bound as
a measure of distinguishability between these states. The angle θ between the Bloch
vector of ρ and the one of ρout is equal to zero. According to Eq. (17), we obtain the
Re´nyi overlaps
Qs(ρ, ρout) = λ
sµ1−s + λ˜sµ˜1−s, (19)
where the eigenvalues λ, λ˜, µ, µ˜ are given by Eqs. (15). The quantum Chernoff bound
(12) between ρout and ρ becomes
ξQCB(ρ, ρout) = − ln min
s∈[0,1]
Qs
= − ln min
s∈[0,1]
{1
2
(1 + r)s
[
1 +
N (M + 2)
M (N + 2)
r
]1−s
+
1
2
(1− r)s
[
1− N (M + 2)
M (N + 2)
r
]1−s}
. (20)
In order to find the minimum over s in Eq. (20) we need to perform numerical
simulations. One notices from Eq. (20) that the quantum Chernoff bound depends on
three variables: the number of the identical copies of the state ρ to be cloned N , the
number of the imperfect clones ρout generated M , and the length of the Bloch vector
of the initial state r. We perform the numerical simulation for obtaining the quantum
Chernoff bound in the following three cases:
• we keep N = constant. This analysis is illustrated in Fig. 1: for N = 2 we plot the
quantum Chernoff bound for three values of M : 5, 10, and 50000. The quantum
Chernoff bound ξQCB(ρ, ρout) increases when M increases.
• we consider M = constant. The behavior of quantum Chernoff bound for M = 106
is shown in Fig. 2 for three values of N , namely 2, 4, and 10. The quantum Chernoff
bound decreases as long as N increases.
• we take a fixed state, i.e. r = constant, and study the behavior of the quantum
Chernoff bound in terms of N and M . Figures 3 and 4 show the plots of quantum
Chernoff bound in the case when r = 0.3 and r = 0.9, respectively.
4. Conclusions
In this paper we have exploited the quantum Chernoff bound in order to evaluate the
efficiency of quantum cloning of mixed qubit states. We have analyzed the imperfect
clones generated by the N → M cloning machine. The quantum Chernoff bound has
been used as a measure of distinguishability between the imperfect clones and the initial
mixed qubit state.
The quantum Chernoff bound is obtained by computing a minimum over a variable
s of the function Qs defined by Eq. (16). This minimum is determined only by numerical
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Figure 1. The efficiency of quantum cloning given by quantum Chernoff bound in
the case of a cloning machine described by N = 2 and M = 5; 10; 50000 (from bottom
to top) as a function of the length of the Bloch vector of the initial state r.
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Figure 2. The quantum Chernoff bound in the case of M = 106 and N = 2; 4; 10
(from top to bottom) as a function of the length of the Bloch vector of the initial state
r.
simulations. We have performed three different kinds of comparisons: firstly we have
kept N constant and have shown that the quantum Chernoff bound ξQCB(ρ, ρout)
increases with M . Secondly, we have considered the number of the output imperfect
clones M to be constant. We have noticed that the quantum Chernoff bound decreases
as long as N increases. The third case analyzes the behavior of quantum Chernoff bound
in terms of both N and M in the case of a given state (r = constant).
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Figure 3. The quantum Chernoff bound in terms of N and M for the fixed state
characterized by r = 0.3. We used the condition M ≥ N .
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Figure 4. The quantum Chernoff bound in terms of N and M for the fixed state
characterized by r = 0.9 (with the condition M ≥ N).
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